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5 1. INTRODUCTION 
1.1. A CLIFFORD-KLEIN form of a connected and simply connected Riemannian manifold 
M is a Riemannian manifold M’ whose universal Riemannian covering (universal covering 
endowed with the metric lifted from the metric of M’) is isomorphic to M. The main pur- 
pose of this Note is to prove the following: 
THEOREM A, A simply connected Riemannian symmetric space M always has a compact 
Clifford-Klein form. Any such form M’ has a finite Galois cocering which is proper, unless 
M’ z M. 
We recall that a Riemannian manifold X is symmetric, in the sense of Cartan, if it is 
connected and if every point x E X is an isolated fixed point of an involutive isometry s, 
of X. The map s, is then the unique isometry of X leaving x fixed and whose differential at 
x is -Id. The group I(X) of isometries of X is transitive, and X may be identified with the 
quotient f(X)“/K of the identity component Z(X)’ of I(X) by a compact subgroup. 
Among the simply connected symmetric spaces with negative curvature are to be found 
the bounded symmetric domains in C” [8]. A bounded domain M c C” is symmetric if 
every point x E M is an isolated fixed point of an involutive complex analytic homeomor- 
phism of M. It is then Riemannian symmetric with respect to the Riemannian metric 
defined by the Bergmann metric, and its group of complex analytic homeomorphisms 
contains I(M)“. A Clifford-Klein form M’ of M will be called complex analytic if it is a 
complex analytic manifold and if the natural projection of kf onto M’ is holomorphic. 
Since the group of complex analytic homeomorphisms of M has finite index in I(M), 
Theorem A clearly implies the: 
COROLLARY. A bounded symmetric domain always has a compact complex analytic 
Clifford-Klein form. Any such form has a proper finite Galois cocering. 
Combined with some results of Hirzebruch [12], this shows that certain bounded 
symmetric domains, in particular the open unit ball B” = {z E C”I-_,?, + . . . + z,?, < I} 
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in C” for n even, have compact complex analytic Clifford-Klein forms with arbitrary large 
index (see $5). Since all these manifolds are projective by a theorem of Kodaira [lj], they 
yield, when ici = B2, counter-examples to a conjecture of Zappa [2l]t. 
1.2. The Clifford-Klein forms of the simply connected Riemannian manifold M are just, 
up to isomorphism, the quotients M/T, where I- runs through the groups of isometries of 
M which act freely (i.e. only the identity has fixed points) and are properly discontinuous. 
We recall that a group of homeomorphisms of a locally compact space is properly dis- 
continuous if every compact set meets only a finite number of its transforms; in particular, 
the stability group of a point is finite, and therefore a torsion-free properly discontinuous 
group of homeomorphisms always acts freely’;. 
Similarly, the complex analytic Clifford-Klein forms of a bounded symmetric domain 
are the quotients of M by properly discontinuous torsion-free groups of complex analytic 
homeomorphisms. 
In either case, the finite Galois coverings of M/T are, up to isomorphism, the quotients 
M/I?, where I-’ runs through the normal subgroups of finite index of r. If Z(M) is transitive 
on M, then M = I(M)/K, where K is compact, therefore a subgroup I c l(M) is properly 
discontinuous on M if and only if it is discrete in Z(M), as follows from Proposition 5 in 
[5, Chap. 3, $4, No. 21, and M/r is compact if and only if I(M)/I is. Consequently, Theorem 
A is implied by 
THEOREM B. Let M be a simply connected Riemannian symmetric mumfold, I(t\l) its 
group of isometries. Then: 
(i) I(M) contains a discrete uniform subgroup I[. 
(ii) If r is a discrete uniform subgroup of I(M) or, more generally, tf I- is a finitely 
generatedsubgroup of I(M), differentfrom (e), then r has aproper normal torsion-free subgroup 
ofjnite index. 
The proofs of (i) and (ii) are quite different from each other: (ii) is a consequence of 
some rather general, essentially known, facts about linear groups (see 52), while (i) is easily 
derived from : 
THEOREM C. A connected semi-simple Lie group G always has a discrete unrform sub- 
group 
which is a straightforward application of the compactness criterion of [3, 51 I] (Gode- 
ment’s conjecture), once it is known that a real non-compact semi-simp!e Lie algebra 9 
has a form defined over a totally real number field E # Q, all of whose conjugates are 
t That suitable Clifford-Klein forms of B2 would allow one to disprove this conjecture was pointed out 
several years ago by Hirzebruch, whose request for such manifolds is in fact at the origin of the present note. 
$ Conversely, if A4 has negative curvature (the only case of interest in this paper), a group of isometries 
acting freely is torsion free, since in this case every finite, (or compact), group of isometries has a fixed 
point [9, Note III, No. 191. 
j/ A closed subgroup H of a topological group I, is uniform if L/H is compact. 
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compact (3.8); that fact in turn will be deduced from the existence of a form of g defined 
over Q which has a Cartan involution also defined over Q (3,7). 
Theorem C was announced in [2]. The contents of this paper have been the subject 
matter of two lectures given at the University of Bonn in the Spring of 1961. 
1.3. As is well-known, both the geometric and the arithmetic methods allow one to con- 
struct compact Clifford-Klein forms of the Poincare plane, in other words, compact Rie- 
mann surfaces of genus 12, (see, e.g., [ll]). It has been known for a long time that the 
latter one could also be used for many classical spaces of negative curvature, including the 
n-dimensional hyperbolic space (n 2_ 2). In its usual form, it consists in constructing the 
fundamental group of the Clifford-Klein form by applying (2.2) to the groups of units 
of certain quadratic or hermitian forms, defined over suitable number fields, which do not 
represent zero rationally over their field of definition. We refer to [ll, Abschnitt III, Kap. 31, 
[14] and [20] for various applications of this principle, and to (4.3) for a typical example. 
Lobeil [ 161 and Seifert and Weber [17] have given some examples of geometrically 
defined compact Clifford-Klein forms of the hyperbolic 3-space. It is not known to the 
author whether the fundamental groups of these examples are commensurable with arith- 
metic groups or whether the geometric method can be used in other spaces. 
$2. MATRIX GROUPS. PROOF OF THEOREM B(ii) 
Propositions (2.2) and (2.3) are known, up to a slight strengthening, which does not 
require any substantial change in the proof, but is nevertheless needed here. For the 
sake of completeness, we include full proofs. 
2.1. The characteristic polynomial of a n x n matrix ,Y in the indeterminate i., will be 
denoted C(x, i.). 
Let J be a ring, with identity. Then GL(n, J) denotes the group of n x n matrices with 
coefficients in J whose determinant is a unit of J. 
Let in particular J be the ring of integers of a number field k of finite degree, and p 
a prime ideal of J. The set of matrices of GL(n, J) which are E 1 modulo p is called a con- 
gruence subgroup of GL(n, J). It is a normal subgroup of finite index, since it is the kernel 
of the natural homomorphism of GL(n, J) into the finite group GL(n, J/p). 
2.2. PROPOSITION. Let k be afinite numberje~d, J the ring of integers of k, r a subgroup qf 
GL(n, J) and y # e an element of r. Then there exists (I torsion-free normal subgroup of 
finite index of r which does not contain ‘/. 
It is enough to show the existence of a torsion-free congruence subgroup of GL(n, J) 
which does not contain 7. 
The eigenvalues of an element s E GL(n, J) are algebraic of degree sn over k, hence 
of degree sn. [k : Q] over Q. If moreover x’ has finite order, its eigenvalues are roots of 
unity, hence there are only a finite number of possibilities for them. There exists therefore 
a finite number of unitary polynomials Pi, . . . , P, d [il. of degree n, all different from 
114 ARMAND BOREL 
(1 - i.)“, such that if x E GL(n, J) has finite order and is # e, then C(x, d) = Pi(I.) for some i. 
The congruence subgroup corresponding to a prime ideal p of J such that 
will then not contain y and be torsion-free. 
2.3. PROPOSITION. Let r be afinitely generated subgroup of GL(n, C). Then 
(1) There exist ajinite numberfield E, and a homomorphism j' : II + GL(n, E) whosekernel 
. ^ 
is torsron-free. 
(2) r contains a normal torsion-free subgroup ofjinite index, which is proper ifr # (e).t 
Let (Xi)l*i~2r -- be a system of generators of T, where .yifl = ,vi-i(l 2 i 2 t), and let us 
Put 
x’i = (a& (1 I i I 2t; 1 5 j, k 6 II). 
We view the point A = (ai,i) of Cm(m = 2t.n’) as a generic point over the field F of all 
algebraic numbers of an affine algebraic set V. Let B = (bj,i) be a point of V with co-ordir.- 
ates in F, which exists by Hilbert’s Nullstellensatz, and let yi = ($) be the corresponding 
specialisation of -Ti. A relation between the .yi’s is expressed by the vanishing at A of a 
polynomial in m indeterminates Xi,, with coefficients in F (in fact, in Z), and will therefore 
also be satisfied by the yi’s. Therefore the map xi 4 _Yi (1 2 i 2 2t) extends to a well-defined 
homomorphic mapping f : r + GL(n, E), where E is the field generated over Q by the 
co-ordinates of B. 
Let y E I be an element of finite order, different from e. Then 
C(Y, A) E FCj.1, C(y, r> # (I - j.)“. 
The specialisation A --f B being over F, we have C( f (y), I.) = C(y, I.), hence C( f (v), ;.) # 
(1 - I.)“, andf (7) # e, which ends the proof of (1). Let r f (e). We may then assume that 
f(T) # (e): in fact, if the point A above is algebraic, then f is the identity map, if not. then 
dim V 2 1, V contains at least two algebraic points, and for one of them at least, the 
corresponding specialisations of the xi’s are not all equal to the identity matrix. Since 
kerf is torsion-free, it is then enough to prove (2) forf (r); thus we may assumer c GL(n, E), 
where E is a finite number field. Let then y # e be an element of r, p a prime ideal of E 
which satisfies (1) in (2.2) and does not divide the denominators of the ah, and E’ the finite 
residue field J,/p.J,,, where J, is the valuation ring of p. Then T c GL(n, J,), and the 
reduction mod p of the coefficients yields a homomorphism r -+ GL(n, E’) whose kernel 
satisfies our conditions. 
2.4. Proof of Theorem B(ii). If M/T is compact, then r is finitely generated, since in this 
case there exists a compact set C c M such that M = I’.C, and then the finitely many 
7 E l- for which y . C n C # 4 generate r by a well-known elementary lemma (see, e.g., 
[3; 6.61). In this proof, we shall therefore only assume that T is finitely generated. Since 
t Except for the last assertion: “which is proper if I? #<e)‘*, this proposition is exactly Lemma 8 of [IS]. 
COMPACT CLIFFORD-KLEIN FORMS OF SYMMETRIC SPACES 115 
a subgroup r’ of finite index of I- is finitely generated (by a known result of Schreier 
and contains a normal subgroup of finite index (the intersection of all the conjugates of 
rf in I), we may assume r c Z(M)‘. 
Let M= M, x MI x . . . x M, be the de Rham decomposition of M as the Rieman- 
nian product of a euclidean space M, by irreducible non-flat Riemannian manifolds 
M, ) . . . ) M,. The Mi’s are all symmetric and, by the standard theory of the Riemannian 
symmetric spaces [ 1, 6, 71, there is for each of them two possibilities: either Mi has positive 
curvature, is compact, Gi = Z(Mi)” is compact semi-simple, or iMi has negative curvature, 
is homeomorphic to a euclidean space, Gi is simple non-compact with center reduced to the 
identity, and Mi = G,/K,, where Ki is a maximal compact subgroup of Gi. In both cases, 
Gi has a faithful linear representation: in the former one, because it is compact, in the 
latter one, because it may be identified with the group of inner automorphisms of its Lie 
algebra. Since the group G, = 1(/V,)’ of proper motions of a euclidean space is also linear, 
we see that I(M)” = G, x . x G, admits a faithful linear representation. The theorem 
follows now from (2.3). 
53. CERTAIN FORMS OF REAL SEMI-SIMPLE LIE ALGEBRAS 
3.1. In this paragraph, the reader is assumed to be familiar with the theory of real or complex 
semi-simple Lie algebras [13, 191. The following notation will be used. 
n,. a complex semi-simple (finite dimensional) Lie algebra, 
lo,, a Cartan subalgebra of gc, 
B(x, I,) = tr(ad s’ ady), (s, y E g,), the Killing form of gc, 
(/I, /I’), the scalar product induced on tj, or on the dual h: of h, by the Killing form, 
/I, (a E hr), the element of h, such that (h, h,) = a(h) for any h E h,, II,* = 2./2,!(0. N), 
0, the system of roots of gc with respect to I),, 
A, the set of simple roots with respect to some chosen ordering, 
I)‘, the real subspace of h, on which the roots take real values, 
g,, a compact form of gc. 
We note that gU n lj, is a Cartan subalgebra of gU if and only if 
g, n Ij, = J- 14)‘. (1) 
3.2. It is known that given h, and gU subject to (l), there exists a basis (II,*, ~,)(a E A, 
b E a,> of gc satisfying the following conditions: 
[II, s,] = a(h)*x, (II E I,, ; a E CD), (2) 
[s,, s_,] = -A,* (a E Q), (3) 
[x0, %I = 0 if a, b E @, a + b # 0, a + b # 0, (3) 
CL +%I1 = ~v,,b&+b if a, b, a + b E Q, where (5) 
Iv-, b = N -l&-b = f(p + l), (6) 
and p 2 0 is the greatest integer such that n - p. b E @. 
tAbh. moth. Sem. Hamburg Univ. 5 (1927), 161-184 (53). 
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g. = J(- l).I)” + c (i&x, + p;.x_,) (P&l E 0 (7) 
a4 
The existence of a basis verifying (2) to (5), with h,* in (3) replaced by h,, and the first 
equality of (6), is a classical result of Weyl. That it can be modified so as to satisfy (2) to 
(6) was shown by Chevalley [lo], and we shall call Chevalley basis a basis fulfilling those 
conditions. For any such basis, the right hand side of (7) is a compact form of gc. The fact 
that Ij, and gU, subject to (l), may be prescribed in advance, follows from Chevalley’s result 
and from the conjugacy of the compact forms of gc and of the Cartan subalgebras of gU by 
inner automorphisms of gc and y. respectively. A basis satisfying (2) to (7) for given Ij, 
and g. will be said to be adapted to $, and gU. Since 
n(G) = 2(a, b)/@, b) (a, b E @) (8) 
is an integer, (2) to (6) imply that the structure constants of gc with respect to a Chevalley 
basis are integers [lo]. 
3.3. Let t E lj, and A = exp ad t. Then A(h) = h(h E Ij,) and the h:(a EAT together with 
the elements y, = A = (exp b(f))-x,(b&) again form a Chevalley basis. If moreover 
t E J’(- 1). h”, that is if the roots take purely imaginary values on t, then A(g,) = gU and 
the new basis is still adapted to Ij, and g.. This follows immediately from (3.2) and the 
definitions. 
3.4. Let 0 be an automorphism of g, leaving Ij, invariant. It induces an automorphism ‘8 
of hr leaving @ invariant. Writing CI’ for ‘t?-‘(a), we have 
(a + !9)’ = a’ + b’, (-a)’ = -(a’), ((1, b E Q), 
O(h,*) = iI:-, 0(x,) = c, * x,* (a Ea; c, E C). 
Let now a, 6, a j- b E 0. Then, applying 8 to both sides of (5) we get 
c,. C*C%, x*.-j = Na,b.C,+b-S,.+b. 
c; Cb’ N,.,,. = iv,_,. C,ib. 
Since n + a’ is an automorphism of @, (6) shows that N,,,,, = +N,,, # 0, whence 
C,‘Cb = -&C*+b (a, b, n + b E 0). 
We note also that we have, in view of (3), (IO), 
c;c_, = 1, (a E D). 
If moreover e(g,) = gU, then the relation 0(x, + s_,) = c;x,, + c_;s_,, yields 
c, = L:_,, (a E Q), 
hence, using (12), 
c;(‘, = 1, (a E Q). 
(9) 
(10) 
(11) 
(13 
(13) 
(14) 
3.5. LEMMA. Let 8 be an incolutive automorphism of gC which keeps Ij, and gu invariant and 
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leaces fixed an element of !$” regular in gc. Then there exists a Cheralley basis (II,*, y,,)(a E & 
b E a) of gc adapted to b, and g,, such that 
ti(y,)= +yb if b=b’, e(yb) = J’b’ if b f b 16 E Q’; b’ = ‘f?(b)).? 
We keep the previous notation. From O2 = Id., we get 
(a’)’ = a, c;c,, = l(a E(D). (15) 
Since 8 leaves a regular element contained in lj” fixed, it also leaves a Weyl chamber in- 
variant. Let then Q,’ be the set of positive roots and A the set of simple roots for the ordering 
associated to this Weyl chamber; they are both invariant under rO-l. By (14), the c, have 
module one. In view of (15), it is therefore possible to find t E J(- 1). ho such that 
a(f) = 0 if a = a’, a(t) + a’(t) = 0 if CI # a’(a E A) (16) 
e-2”(” = c 
Y (a E A). (17) 
Let then A = exp ad t and 
zb = A(xb) = eb(‘). xb (b E a>. 
The zb ‘s are still part of a Chevalley basis adapted to g, and lj, (see 3.3). If a E A, a = a’, 
then c, = + 1 by (15), I, = x,, and O(z,) = If: z,. If a E A, a # a’, then we have, by (15), 
(1% (17): 
e(z,) = e’(‘). c, .x,, = e-‘(‘). ,y,, = @‘(r).x,, = z,,, 
We have therefore c, = + 1 if a E A, and, by (12), also if -a E A. Using induction on the 
ordering of the roots and (1 l), we then see that O(zb) = kz,. for any b E @. 
From each pair of positive roots permuted by 0, let us choose one. Put yb = zb, 
y-b = z__~ for that root, and y,. = O(z,), y_,. = O(z_,). Let moreover yb = zb if b = b’, 
(b E Co). It is then clear that the y,‘s satisfy all our conditions. 
3.6. Let g be a real non-compact semi-simple Lie algebra, B a Cartan involution of g. 
We have then the Cartan decomposition 
g=f+p, e(k + p) = k - p (k E f, P E P), (18) 
whence 
Cf, 11 c f, if, PI = VP Cr, PI = 1. (19) 
f is the Lie algebra of a maximal compact subgroup of Ad g, and 
g,=f+J(-l).P (20) 
is a compact form of the complexification gc = g @ C of g. Clearly, 0 extends to an in- 
volution of gc leaving g, stable, and we have (1 S), (19) with p replaced by ,,/( - 1). p, and 
n by R,. 
Let (ei.) be a basis of g consisting of elements belonging either to f or to p. Following 
Cartan [7], we agree to let i, j, k and r, j?, y stand for indices of the subbases of p and f 
i More general lemmas of this type may be found in F. Gantmacher, (Mar. Sbornik 5 (1939), 101-144). 
They are formulated there in terms of a Weyl basis; the passage to a Chevalley basis is of course immediate, 
and it is again mainly for the sake of completeness that a full proof is given. 
C 
118 ARMAND BOREL 
respectively, and 1, P, v for arbitrary indices. The structure constant c;,~ and ~‘1.~ of g and gU 
with respect to the bases (e,, ei) and (e,, ,/(- I).ei) are related by 
c’ = cl7 
%B x,87 cz,i 1.19 l.J 
J’ =c’J’. c1.z -_c’.?. 
,,J’ 
(21) 
and it is clear by (19) that 
L ri B I!3 
‘z,fl = c a,@ = ccz,i = c a,i = c;,j = cyj = 0. (22) 
3.7. PROPOSITION. Let g be a real semi-simple Lie algebra, Then there exists a form of g 
ocer Q which admits a Cartan incoiution defined otter Q. 
We have to show the existence of a basis of g, made up of eigenvectors of a Cartan 
involution of 9, with respect to which the constants of structure are all rational numbers. 
Let first g be compact. Its Cartan involutions are then all equal to the identity. We 
identify g with a compact form g. of gc = g 0 C. Let (h,X, y,)(a E A, b E 0) be a Chevalley 
basis of gc adapted to yU. Then the elements 
J( - 1). h,*(a E A), U~ = yb + y_,, ub = j( - l)(y, - y-&(b E CD, 6 2 0), (23) 
form a basis of gU, and it follows at once from (3.2) that the constants of structure for this 
basis are all integers. 
Let now CJ be non-compact, 0 a Cartan involution of 9. We use the notation of (3.6). 
By [4, Theorem 4.51, E contains an element t regular in g, hence in gc. Let b be the unique 
Cartan subalgebra of g containing t, and Ij, its complexification. h is invariant under 0, 
hence b = h n E + b n p, which gives 
I), n 9. = E n II + v’(-- I)(n n h), 
and shows that b, n CJ~ is a Cartan subalgebra of gU. Since J( - 1). t is a regular element of 
gc contained in $” and fixed under 0, we see that all assumptions of (3.5) are satisfied by 0, 
or rather by the extension of 8 to SC. Let then (h,*, Jo) be the Chevalley basis of (3.5). We 
divide the set @’ of positive roots for the ordering considered in the proof of (3.5) into three 
disjoint subsets: 
A = {LZ E @+/a’ = a, O(y,) = y,j, 
B = {b E@+lb'= b,O(y,)= -yb), 
c= {cE@+IC'iC}. 
Then, in the notation of (23), f is spanned by 
j--l-h,* (a E A n (A u B)), \,‘- l.(h: + h:,) (c E A n C), 
a,, 0, (a E A), LL, + II,* , u, + UC, (c E c>, 
and p by 
hf - h*(c E A n C), 
\/-l*u,, J-1.0, (b E B), J - 1 (u, - u,,), J- l(u, - UC,) (c E C). 
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Since the elements of (23) form a rational basis of g., it follows from (19) that the structure 
constants of g for the basis just described are rational numbers. Since it consists of elements 
belonging either to f or to p, (3.7) is proved. 
3.8. PROPOSITION. Let g be a non-compact semi-simple real Lie algebra. Let E c R be a 
totally real number field offinite degree > 1, and S the set of distinct isomorphisms of E into 
R which are dighrent from the identity. Then there exists a form of g dejned ocer E all’of 
whose conjugates g’(s E S) are isomorphic to a compact form gU of gc. 
In other words, there exists a Lie algebra m over E, such that 
m @ R z g, 111” 0 R z gu (s E S). (24) 
We may write E = Q(u), where u is a positive number all of whose conjugates 
are negative. Let ~1 be the positive square root of U, and ~7, the positive square root of 
- us (s E S). We take in g a basis (eJ as in (3.6), but such that moreover the structure constants 
are rational numbers, which is possible by (3.7). Let then III be the vector space over Espanned 
by the elements e, and u.ei, and m” the vector space over E” spanned by the elements e2 
and J - 1. u,. e,(s E S). The relations 
[et, t;.ei] = v.[e,, ei], [v.e,, v.ej] = u*[ri, ej], 
[e,,J-l.ug.ei] = \j’--l.u;[e,, ei], [J-l.U;ei, J-l.o;ej] = lP[ei, ej], 
and (19), show that m (resp. ITI’) is a Lie algebra over E (resp. E’)(s E S), and that the con- 
stants of structure of ms are the conjugates by s of the structure constants of in, for the bases 
considered here. Thus m” is indeed the conjugate by s of m, which justifies the notation. 
Since m @ R = g and ms 0 R = g&s E S) by definition, (3.8) is proved. 
$4. PROOFS OF THEOREM B(i) AND C 
4.1. Proof of Theorem C. Let g be the Lie algebra of G and z the natural projection of G 
onto Ad g. If r is a discrete subgroup of Ad g, then n-r(I) is discrete in G, and of course 
G/n-‘(r) is homeomorphic to (Ad g)/r. We may therefore assume that G = Ad g. with g 
non-compact. The group Ad g being open, of finite index, in the group Aut g of all auto- 
morphisms of g, we have to show the existence of a discrete uniform subgroup I- in Aut g. 
We now use (3.8) write g = nt 0 R, where m satisfies (24) of $3, and take a basis of g 
contained in in. This allows us to identify L = Aut g, with an algebraic subgroup of 
GL(n, C), (n = dim g), defined over E, and Aut g with the group L, of the real matrices 
contained in L. The group (& (s E S) is then the group of automorphisms of the compact 
semi-simple Lie algebra nP 0 R z g,, hence is compact. Let J be the ring of algebraic 
integers of E, and r = L, the group of units of L, i.e. the group of matrices in L with 
coefficients in J and determinant invertible in J. Since (L”)! is compact for any s E S, and 
S is not empty, it follows from [3, 12.21 that r is discrete in Aut g and from [3, 12.41 that 
(Am g)/r is compact. 
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4.2. Proof of Theorem B(i). As was remarked in (2.4), the group I(M)’ is the product of a 
semi-simple group by the group of proper motions of a euclidean space. The existence of 
discrete uniform subgroups has just been proved for the former one, and is obvious for the 
latter one. Thus Z(M)’ also has discrete uniform subgroups; since I(.\/)’ is open. of finite 
index, in 1(M), the same is true for I(M). 
4.3. When G is isomorphic to the real orthogonal group of a non-degenerate. indefinite 
quadratic form of signature (a, 6) on R”(n = c[ + b; n, b 1 1) the procedure to construct 
discrete uniform subgroups alluded to in (1.3) amounts to identify G with the real orthogonal 
group of a quadratic form F over the totally real number field E, of signature (a, b), all of 
whose conjugates are positive, and to take for T the group G, of units of F; in the notation 
of (3.8). we may for instance take the form F given by 
F(X, x) = x: + . . . + .Xf - fl(Xi+ 1 + . . . + s,z+&, (I) 
in which case, by the way, G, is commensurable to the inverse image of the group I- con- 
structed in (4.1), for a suitable basis. 
For b = 1, the identity component of G may be identified with the identity component 
of the group of isometries of the a-dimensional hyperbolic space. 
We may proceed similarly when G is the unitary group of an indefinite hermitian form 
of signature (a, b). For instance, we identify G with the unitary group of the hermitian 
form H given by 
H(z, z) = z,*Z, + . . . + z;z, - n(z,+r.z,+r + . . . + Z”.“) ; 
by means of the map, 
(2) 
z=x+J-by-, 
s Y 
i 1 - y s ’ 
we realize G as the group of real points of an algebraic subgroup G’ c GL(2n, C) defined 
over E. The group (G’S)R is then isomorphic to the unitary group of the positive non- 
degenerate hermitean form H”, hence is compact. The group G,, (B ring of integers of 
E(j- 1)) of units of H, which corresponds to G; under the isomorphism G -+ Gd, is then 
discrete and uniform. When b = 1, G modulo its one-dimensional center is isomorphic to 
the group of automorphisms of the unit ball Bb c Cb. 
$5. REMARKS ON BOUNDED SYMMETRIC DOMAISS 
5.1. Let M = G/K be a bounded symmetric domain, where G is connected, semi-simple, 
with center reduced to (e), and K is a maximal co:npact subgroup of G. To M corresponds a 
compact hermitian symmetric space M,,, containing an open subset bi-holomorphically 
homeomorphic to M, and which is a projective rational variety. If g is the Lie algebra of G, 
then M, = GJK, with G, = Ad r~, in the notation of $4. (See [12] for references). 
Hirzebruch [12] has shown that if M’ is a compact complex analytic Clifford-Klein 
form of M, then the Chern numbers of M’ are proportional to those of M,. The pro- 
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portionality factor is the arithmetic genus of M’, or also the quotient c;[M’j : c;[M,], 
(n = dim, ,Cf), and is >O if n is even, <O otherwise. If M” is a finite Galois covering of 
,M’, with p sheets, then the Chern numbers of M” are equal to those of ‘21’ multiplied by p. 
The Corollary to Theorem A implies therefore that i\l admits compact Clifford-Klein 
forms whose arithmetic genus is arbitrarily large in absolute value and whose Chern 
numbers are the product of (- I)” by arbitrarily large multiples of the Chern numbers 
of M”. 
5.2. It is also shown in [12; $31 that the index r(W) of M’ is zero, unless M is the product 
of irreducible bounded symmetric domains whose compact counterpart belongs to the 
following list 
U(p + ?r)/U(p) x U(Zr), SO(4k + Z)/(SO(Jk) x SO(l)), E,i(Spin( 10) x T ‘), (1) 
in which case s(M) >= 1. Since going over to a p-sheeted Galois covering multiplies the 
index by p, Corollary to Theorem A also shows that if iM belongs to the latter category, 
t:len it admits compact complex analytic Clifford-Klein for,ns with arbitrarily large index. 
For p = 1, U(p + 2r)/U(p) x U(2r) is the complex projective space P2,(C). and the 
corresponding bounded domain is the open unit ball B” c C”. 
5.3. It is conjectured in [21] that if X is an algebraic surface, then 
p + p0 2 4.p, + 1, (2) 
where ps is the geometric genus of X, and p (re;p. p,,) the number of linearly independent 
algebraic (resp. transcendental) cycles of X. If h O.4 denotes as usual the dimension of the 
space of harmonic forms of type (p, q), then p + p,, = II’*’ + /I~*’ + hop’, pe = h**‘, and the 
Hodge formula 
T(X) = c( - 1)PhP’4 
P.9 
show< that (2) is equivalent to 
r(X) 5 1. (3) 
However, the compact Clifford-Klein forms of bounded symmetric domains being all 
projective algebraic varieties by Theorem 6 of [15], (3) contradicts 5.2 applied to the case 
where M = B2, M, = P2(C). 
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